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Abstract
Let R be a complete dvr with perfect residue field k of characteristic p > 0. Let {Gλ}λ∈R be the class of
R-affine, commutative, smooth of relative dimension one group schemes generically isomorphic to Gm. Let
G := {Gλ,n}λ∈R,n∈N be the class of finite flat commutative group schemes of order pn defined as kernels
of the isogenies ϕλ,n : Gλ → G(λp
n
)
. We provide an explicit description of torsors over R-schemes under
the group schemes Gλ and Gλ,n.
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1. Introduction
Classically, Kummer and Artin–Schreier theories allow to describe torsors over a scheme X
under the group schemes μpn and Z/pZ (in characteristic p) explicitly for the Zariski topology
on X. This is done in the following way: one gives local (for the Zariski topology) equations
of the torsor and a rule to glue these local data to a global torsor. This explicit interpretation is
useful in many situations in arithmetic, number theory and geometry, for instance in class field
theory or in the theory of covering of curves. If G is an arbitrary finite and flat group scheme
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equations and global gluing data does not exist in general.
In this paper we will provide such a theory in the case that R is a complete dvr with residue
field k of positive characteristic p and for a class G := {Gλ,n}λ,n∈N of finite flat commutative
group schemes of order pn parameterized by suitable elements λ ∈ R; see Section 2. Such a
class was introduced in [SOS] to study deformations of Artin–Schreier theory over k to Kummer
theory over the fraction field of R. They arise as the kernels of isogenies Gλ → G(λpn ) where
Gλ is the R-affine, commutative, smooth of relative dimension one group scheme generically
isomorphic to Gm studied in [WW, Theorem 2.5]. Thanks to Oort–Tate theory one can prove
that this class G of group schemes contains, possibly after passing to a larger dvr, all the group
schemes of order p (see 2.3).
More precisely, in 3.2 we prove that the category of Gλ-torsors over an arbitrary R-scheme X
is quasi-equivalent to the category of so called global classifying data for Gλ over X consisting
of triples (L,E,Ψ ), where:
(1) L is an invertible OX-module;
(2) E is an extension of L by OX;
(3) Ψ : E → E is a OX-linear map such that:
(3.a) defining E0 := Ker(Ψ ), we have E0 =OX;
(3.b) the map E/E0 → E/E0 induced by Ψ is multiplication by λ on L;
(3.c) the OX-module E/Ψ (E) is invertible.
See 3.1 for a description of this category. When λ is a unit so that Gλ ∼= Gm, the line bundle
L is the line bundle associated to the Gm-torsor via the isomorphism H1(X,Gm)  Pic(X). In
this case the extension E is the trivial extension. When λ = 0 we have Gλ ∼= Ga , the line bundle
L is OX and the extension E is the extension of OX by itself associated to the torsor via the
isomorphism H1(X,Ga)  H1(X,OX).
In 4.1 we introduce an analogue category of classifying data for Gλ,n over X. Roughly speak-
ing they consist of global data, which are the classifying data for the corresponding Gλ (recall
that Gλ,n ⊂ Gλ), and explicit Zariski local equations (cf. 4.1). We prove in 4.4 that such category
is quasi-equivalent to the category of Gλ,n-torsors over X.
This explicit theory may be applied in different situations. In the theory of covering of curves,
one can find another proof of the main theorem of [SOS]. In number theory one can provide
a new proof of one of the results of [MR] as explained in 5.4. Other important applications in
arithmetic geometry are given in [AG]. First of all, the above explicit description of torsors is
used to prove an analogue of Hensel’s lemma for torsors providing the key tool for the solution
of the canonical subgroup problem for families of abelian varieties. Secondly, if K is the fraction
field of R and X is an abelian scheme over R, the theory developed in this paper provides the
link between the Bloch–Kato filtration on H1(XK,μp) and a filtration introduced in [AM]. We
refer to [AG] for details.
In the case that R is the ring of integers of a local field, G is a finite, flat, connected and
commutative R-group scheme and X = Spec(R), a fairly explicit description of G-torsors over
X can be found in [Mo]. The idea in [Mo] is to realize G as the kernel of an isogeny of formal
groups H → F and the G-torsors are then described using the equations defining G in H . For
Gλ,n connected, putting H to be the formal group associated to Gλ and F to be the formal group
associated to G(λpn ), our theory and the theory in [Mo] are equivalent. We stress, though, that for
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when X is a curve or an abelian scheme.
The paper is organized as follows. In Section 2 we describe the groups Gλ, the isogenies
between them and the groups Gλ,n. In Section 3 we introduce the category of global classifying
data and we show that it is equivalent to the category of torsors under the Gλ’s. In Section 4
we describe torsors under Gλ,n in terms of the corresponding category of classifying data. In
Section 5 we compare our theory with the classical theories of Kummer and Artin–Schreier. We
also relate our theory to [MR].
2. The group schemes G(λ) and Gλ,n
Let R be a local ring with maximal ideal m and residue field k.
2.1. Definition. (See [SOS, Definition 1.1].) Let λ ∈ R. Define the affine R-group scheme Gλ :=
Spec(Aλ) as follows:
(i) Aλ := R[x, 11+λx ];
(ii) the comultiplication cλ : Aλ → Aλ ⊗R Aλ is defined by cλ(x) := x ⊗ 1 + 1 ⊗ x + λx ⊗ x;
(iii) the coinverse iλ : Aλ → Aλ is defined by iλ(x) := − x1+λx ;
(iv) the counit ελ : Aλ → R is defined by ελ(x) := 0.
One verifies that Gλ is an affine, commutative and smooth group scheme over S. It coincides
with Ga if λ = 0 and with Gm if λ is a unit.
We will suppose from now on that R is a dvr. Let λ be a non-zero element of R and fix n ∈ N.
We further require that the following condition holds
v(p) pn−1(p − 1)v(λ). (∗n)
This condition is automatic if R is of characteristic p since v(p) = ∞. By [SOS, Proposition 1.4],
assuming that (∗n) holds, the map
ϕλ,n : Gλ → G(λp
n
), x 
→ (1 + λx)
pn − 1
λp
n
is a surjective homomorphism of group schemes over R. Denote by
Gλ,n := Ker(ϕλ,n).
It is a finite and flat R-group scheme of degree pn. The group schemes one obtains in this way
are of a very special type as the following lemma shows.
2.2. Lemma. We have
(Gλ,n)k ∼=
⎧⎪⎪⎨
⎪⎪⎩
μpn,k if v(λ) = 0;
αpn,k if v(p) = ∞;
αpn,k if ∞ > v(p) > pn−1(p − 1)v(λ) > 0;
αpn−1,k × Z/pZ if ∞ > v(p) = pn−1(p − 1)v(λ).
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the second and third case one deduces form this and by induction on n that ϕλ,n ≡ Fn (mod m)
(F being the Frobenius morphism). In the last case, one proves once more by induction that
ϕλ,n ≡ Fn − Fn−1 (mod m) and the claim follows. 
2.3. Comparison with Oort–Tate theory
Let Λp = Z[ζp−1, 1p(p−1) ] ∩ Zp (the intersection being inside Qp). Assume that R is dvr and
a Λp-algebra. For convenience of the reader and to fix notations we recall the main result of
[OT]:
There exists a 1–1 correspondence between the isomorphism classes of finite and flat group
schemes of order p over R and the isomorphism classes of pairs (a, c) where a and c are in R
and ac = p. Two pairs (a, c) and (a′, c′) are defined to be equivalent if there exists u ∈ R∗ such
that a′ = up−1a and c′ = u1−pc.
For elements a, c in R satisfying ac = p, denote by G(a,c) the associated group scheme
over R. As an R-scheme it is given by G(a,c) := Spec(R[y]/(yp − ay)) with comultiplication
y 
→ y ⊗ 1 + 1 ⊗ y + cwp−11−p
∑p−1
i=1
yi
wi
⊗ yp−i
wp−i and counit y 
→ 0. Here, w1, . . . ,wp−1 ∈ Λp are
the universal constants introduced in [OT].
2.4. Lemma. Assume that cwp−1 admits a (p − 1)th root β in R. We then have an isomorphism
G(a,c) → G β
1−p ,1
of R-group schemes defined at the level of the underlying Hopf algebras by
x 
→∑p−1i=1 βi−1 yiwi .
Proof. Left to the reader. 
2.5. Remark. Assume that R contains the pth roots of 1 and that G is a group scheme of order p
over R with #G(R) = p. It follows from [OT] that G ∼= G(a,c) for some a and c. Then, a admits
a (p− 1)th root in R. Since μp,R := Spec(R[y]/(yp −pwp−1y)) by [OT, Proposition, p. 9], we
also have that pwp−1 admits a (p − 1)th root in R. We conclude that cwp−1 = pwp−1/a admits
a (p − 1)th root in R and the conditions of 2.4 hold true.
3. Torsors under Gλ and the associated classifying data
Let R be a local ring and put S := Spec(R). Let X be a scheme over S. The main object of
this section is to prove that the category of Gλ-torsors over X is quasi-equivalent to the following
category, which we call the category of global classifying data and denote by CDλ(X):
3.1. Definition. The objects of CDλ(X) are triples (L,E,Ψ ), where:
(1) L is an invertible OX-module;
(2) E is an extension of L by OX;
(3) Ψ : E → E is a OX-linear map such that:
(3.a) defining E0 := Ker(Ψ ), we have E0 =OX;
(3.b) the map E/E0 → E/E0 induced by Ψ is multiplication by λ on L;
(3.c) the OX-module E/Ψ (E) is invertible.
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ΞE :E → E′ as OX-modules such that the following two diagrams are commutative:
0 OX
Id
E
ΞE
L
ΞL
0
0 OX E′ L′ 0
and
E
Ψ
ΞE
E
ΞE
E′
Ψ ′
E′.
3.2. Theorem. The category of Gλ-torsors over X is quasi-equivalent to the category CDλ(X).
The proof of the theorem occupies the rest of this section. We start by defining the classifying
datum associated to the trivial torsor.
3.3. Definition. Denote by AλX the OX-algebra Aλ ⊗R OX . Define Ltriv := OXx ⊂ AλX and
Etriv :=OX ⊕OXx ⊂ AλX . Let ψ triv : Etriv → Etriv be the AλX-linear map defined by ψ triv(1) :=
0 and ψ triv(x) := 1 + λx. Then, (Ltriv,Etriv,ψ triv) is an object of CDλ(S) called the trivial
classifying datum.
3.4. Lemma. The inverse image of AλX ⊗OX Etriv via cλ coincides with Etriv.
Proof. Let E′ be such inverse image. Certainly Etriv is contained in E′. By construction we have
cλ(E′) ⊆ AλX ⊗OX Etriv. Since (ελ ⊗ Id) ◦ cλ = Id, we deduce that E′ = (ελ ⊗ Id)(cλ(E′)) ⊆
(ελ ⊗ Id)(AλX ⊗OX Etriv) = Etriv. The lemma follows. 
3.5. From torsors to classifying data
Let π : Y → X be a Gλ-torsor. Since Gλ is affine, Y is affine over X. Thus, Y = Spec(B)
where B = π∗(OY ). Let
cB : B → B ⊗OX AλX
be the map giving the structure of Gλ-torsor on Y . Let E be the inverse image via cB of
B⊗OX Etriv. Since Y → X can be trivialized (as Gλ-torsor) locally fppf on X, it follows from 3.4
and faithfully flat descent that E is a locally free OX-module of rank 2, it contains OX as a sub-
module and the quotient L := E/OX is locally free of rank 1. Reducing to the case of the trivial
torsor, we deduce that cB(E) ⊂ E ⊗OX Etriv. Since Etriv = OX ⊕OXx, there exists a unique
OX-linear map Ψ : E → E such that cB is equal to Id ⊗ 1 + Ψ ⊗ x. Passing to the trivial torsor
we conclude that Ψ has the properties required in 3.1. The triple (L,E,Ψ ) is the classifying data
associated to Y → X.
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Let (L,E,Ψ ) be a classifying datum on X. From the inclusion OX = E0 ⊂ E, we get an
inclusion of OX-algebras Sym(OX) = OX[T ] ⊂ Sym(E) (where T is an indeterminate). Let
π : Z → X be the affine scheme over X defined by Spec(Sym(E)/(T − 1)). From the inclusion
Ψ : L = E/OX ↪→ E we get a map of X-schemes f : Z → Spec(Sym(L)) =: V(L). Let Y be
the complement of the pull-back via f of the zero section of V(L).
Let {Ui | i ∈ I } be a covering of X by open affine subschemes such that for every i ∈ I the
invertible sheaf L and the extension E are trivialized over Ui i.e., E|Ui = OUi ⊕ OUi ei . By
assumption we may write Ψ (ei) = s(ei)+λei with s(ei) ∈ Γ (Ui,OX). By construction we have
Y |Ui = Spec(OUi [ei, 1s(ei )+λei ]).
Define the map mi : Y |Ui ×Ui GλUi → Y |Ui by ei 
→ mi(ei) := ei ⊗ 1 + Ψ (ei) ⊗ x. We verify
that it defines an action. The compatibility of mi with the multiplication on Gλ follows from
(mi ⊗ 1)
(
mi(ei)
)= ei ⊗ 1 ⊗ 1 +Ψ (ei)⊗ x ⊗ 1 + s(ei)⊗ 1 ⊗ x + λei ⊗ 1 ⊗ x
+ λΨ (ei)⊗ x ⊗ x
= ei ⊗ 1 ⊗ 1 +Ψ (ei)⊗ x ⊗ 1 +Ψ (ei)⊗ 1 ⊗ x + λΨ (ei)⊗ x ⊗ x
= (1 ⊗ cλ)(mi(ei)).
Furthermore, (1 × ελ) ◦ mi = Id. Thus, mi defines an action of Gλ on Y |Ui . Since Ψ is an
endomorphism of E, the maps mi glue and define a global action
m : GλX ×X Y → Y.
We only need to verify that Y → X is a Gλ-torsor. Let q ∈ X, say q ∈ Ui . By assumption
E/Ψ (E) is an invertible sheaf. This implies that the ideal (s(ei), λ) of OX,q coincides with
OX,q . Thus, either λ is a unit or s(ei) is a unit in OX,q . If s(ei) is a unit, then replacing ei with
s(ei)
−1ei in E ⊗OX OX,q we get that Ψ (ei) = 1 + λei . If s(ei) is not a unit replacing ei with
ei − 1, we get Ψ (ei) = (s(ei) + λ) + λei . In any case shrinking the open covering {Ui} if nec-
essary we can assume that s(ei) = 1 for every i. Then, the map GλUi → Y |Ui defined by ei 
→ x
defines an isomorphism of schemes over Ui endowed with a Gλ-action.
3.7. End of proof of 3.2
To conclude the proof of the theorem we are left to show that the two constructions in 3.5 and
3.6 are inverse to each other.
First of all, using the notation of 3.6, we get that for every i the classifying data associated
to Y |Ui are the invertible sheaf OUi ei = L|Ui , the rank 2 free OUi -module OUi ⊕OUi ei = E|Ui
and the map Ψ |Ui . We deduce that composing first the functor described in 3.6 and then the
functor given in 3.5 we get a functor on the category CDλ(X) which is naturally isomorphic to
the identity.
Vice versa, given a Gλ-torsor Y → X, let (L,E,Ψ ) be the associated classifying data and let
Y ′ → X be the associated Gλ-torsor constructed in 3.6. By construction we have a natural map of
OX-modules Sym(E)/(T − 1) →OY inducing a map of X-schemes Y → Y ′. Passing to a fppf
covering of X over which Y becomes the trivial Gλ-torsor, one verifies that such map commutes
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the composite of the functor in 3.5 and of the functor in 3.6 gives a functor on the category of
Gλ-torsors which is naturally isomorphic to the identity.
3.8. Remark. Let Y → X be a Gλ-torsor and let (L,E,Ψ ) be the associated classifying data.
Let {Ui}i∈I be a covering of X by open affine subschemes such that Y |Ui is trivial. In particular,
E|Ui =OUi ⊕OUi ei . Proceeding as in 3.6 we may assume that Ψ (ei) = 1+λei . For every i and j
we have ei := vij ej +uij on Uij := Ui ∩Uj with uij ∈ Γ (Uij ,OX) and vij ∈ Γ (Uij ,O∗X). Since
1 + λuij + λvij ej = 1 + λei = Ψ (ei) = Ψ (vij ej + uij ) = vij (1 + λej ), we have vij = 1 + λuij .
Note that {vij }ij is the cocycle defining the invertible sheaf L.
3.9. Corollary. The natural map H1Zar(X,Gλ) → H1fppf(X,Gλ) is an isomorphism.
Proof. It follows from the equivalence of categories between Gλ-torsors and classifying data that
a torsor on X can always be trivialized Zariski locally on X. 
3.10. Remark. The group scheme Gm corresponds to the choice λ = 1 (or more generally
λ ∈ R∗). In this case the classifying data of a Gm-torsor are (L,E,Ψ ) where L is the “usu-
al” invertible sheaf corresponding to it, E is the trivial extension E = OX ⊕ L and Ψ is the
projection E → L followed by the natural inclusion (multiplied by λ) L ↪→ E.
Let ηλ : Gλ → Gm = Spec(R[z, 1z ]) be the map defined by z 
→ 1 + λx. It is easily verified
that ηλ is a homomorphism of R-group schemes. Then,
3.11. Corollary. Let Y → X be a Gλ-torsor and let (L,E,Ψ ) be the associated classifying
data. The image of [Y ] ∈ H1(X,Gλ) via the map ηλ : H1(X,Gλ) → H1(X,Gm) is the Gm-torsor
associated to the invertible sheaf L.
Proof. Let {Ui}i∈I be a covering of X by open affine subschemes such that E|Ui =OUi ⊕OUi ei
with Ψ (ei) = 1 + λei (cf. 3.8). By 3.8 for every i and j we have ei := vij ej + uij on Uij :=
Ui ∩Uj with vij = 1 + λuij .
By 3.6 the map βi : GλUi → Y |Ui defined by ei 
→ x defines a trivialization of Gλ-torsors
over Ui . For every i and j the composite βij := βi ◦β−1j : GλUij → GλUij is the map x 
→ vij x+uij .
Let 0 be the zero section of Gλ; the image βij (0) is the element of Gλ(Uij ) defined by x 
→ uij .
By definition {βij (0)}ij is the cocycle associated to the torsor Y → X. Thus, {ηλ(βij (0))}ij is the
cocycle defining ηλ([Y ]). Since ηλ(βij (0)) is the element of Gm(Uij ) defined by z 
→ 1+λuij =
vij and since {vij }ij is the cocycle defining L, we conclude. 
4. Torsors under Gλ,n and the associated classifying data
In this section we suppose that R is a dvr. Using the exact sequence
0 −→ Gλ,n −→ Gλ ϕλ,n−→ G(λp
n
) −→ 0 (4.1.1)
and the results of Section 3, we will prove that the category of the Gλ,n-torsors over an R-scheme
X is quasi-equivalent to the following category which we will call the category of the classifying
data and denote by CDλ,n(X):
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R defined as (S+λT )
pn−Spn
λp
n . The objects of the category CDλ,n(X) consist of the quadruples
(L,E,Ψ, {(Ui, ei, αi)}i∈I ), where:
(I) (L,E,Ψ ) are in CDλ(X) i.e., are classifying data for Gλ as in 3.1;
(II) U = {Ui}i∈I is a covering of X by open subschemes such that:
(II.a) for every i ∈ I we have αi ∈ Γ (Ui,OX) and ei ∈ Γ (Ui,E) such that E|Ui =OUi ⊕
OUi ei ;
(II.b) for every i, j ∈ I , writing ei = vij ej + uij and sj := Ψ (ej )− λej , we have
v
pn
ij αj − αi = Pλ,n(vij sj ,−uij );
(II.c) for every i ∈ I the element spni + λp
n
αi of Γ (Ui,OX) is invertible.
A morphism Ξ : (L,E,Ψ, {(Ui, ei, αi)}i∈I ) → (L′,E′,Ψ ′, {(U ′j , e′j , α′j )}j∈J ) is a morphism
Ξ : (L,E,Ψ ) → (L′,E′,Ψ ′) in the sense of 3.1 such that there exists a common refinement
V = {Vh}h∈H of U and U ′ such that, if Vh ⊂ Ui ∩ U ′j and writing ΞE(ei) = vhe′j + uh over Vh,
we have
v
pn
h α
′
j − αi = Pλ,n(vhsj ,−uh).
4.2. Remark. If λ is not a unit of R (equivalently Gλ is not Gm and Gλ,n is not μpn ) then
condition (II.c) is automatically achieved because of condition (3.c) of 3.1.
One of the main ingredients in the proof of the equivalence claimed above, is the following
general statement:
4.3. Proposition. Let G be an affine group scheme over S. Let ι : G → G be a closed subgroup
scheme of G, finite and flat over S. Let X be a scheme over S. Then, the category of G-torsors
Y → X is quasi-equivalent to the category of G-torsors Y → X with a section γ : X → Y/G.
Proof. ⇐ Let (Y, γ ) be a G-torsor with a section of Y/G. Since G is affine, Y → X is affine.
Moreover, the induced action of G on Y is free (because Y is a G-torsor). Thus, the quotient
Y/G exists and Y → Y/G is faithfully flat. Let Y be the fibered product of Y → Y/G and
γ : X → Y/G over Y/G. It is a scheme over X, endowed with an action of G. By construction
it is a G-torsor over X.
⇒ Let Y → X be a G-torsor and let Y be the G-torsor associated to it via the map
ι : H1(X,G) → H1(X,G). Given a fppf covering {Ui}i of X and trivializations βi : GUi  Y |Ui
as G-torsors, we let {aij ∈ G(Uij )}ij be the image of the zero section of GUij via β−1j ◦ βi .
Then, {aij } is the cocycle defining the G-torsor Y → X and {ι(aij )} is the cocycle defining the
G-torsor Y . The inclusions GUi ↪→ GUi glue over the Uij ’s and realize Y as a closed, G-invariant
subscheme of Y . Taking G-quotients, we get a section γ : X := Y/G → Y/G. 
The main theorem of this section is:
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CDλ,n(X).
Proof. Applying 4.3 to the exact sequence
0 −→ Gλ,n −→ Gλ ϕλ,n−→ G(λp
n
) −→ 0,
it suffices to prove that the category of Gλ-torsor Y → X endowed with a section of Y/Gλ,n over
X is equivalent to the category CDλ,n(X). This is achieved in Sections 4.5 and 4.6. 
4.5. From Gλ,n-torsors to classifying data
Let Y → X be a Gλ,n-torsor. Let Y → X be the associated Gλ-torsor and γ : X → Y/Gλ,n
be the associated section. By 3.2 to give a Gλ-torsor Y → X is equivalent to give classifying
data (L,E,Ψ ) as in 3.1. Let U = {Ui}i∈I be a covering of X by open subschemes such that
Y|Ui is trivial. By 3.8 there exists a trivialization of E|Ui =OUi ⊕OUi ei (as extension of L by
OX) such that Ψ (ei) = 1 + λei . In this way we can fix a trivialization Y|Ui  GλUi via the map
x 
→ ei and the cohomology class defining Y will be represented by {uij ∈ Gλ(Uij )}ij . Using the
exact sequence (4.1.1), the quotient Y → Y/Gλ,n is defined over Ui by the OX-subalgebra of
OY |Ui generated by Pλ,n(1, ei) and we have an isomorphism (Y/Gλ,n)|Ui ∼= G(λ
pn )
Ui
via the map
x 
→ Pλ,n(1, ei). The cohomology class defining Y/Gλ,n as G(λp
n
)
-torsor is then represented by
the cocycle {Pλ,n(1, uij ) ∈ G(λp
n
)(Uij )}ij . To give a section γ : X → Y/Gλ,n is equivalent to
give sections Ui → Y/Gλ,n which glue. A section Ui → (Y/Gλ,n)|Ui ∼= G(λ
pn )
Ui
is defined by
sending x 
→ Pλ,n(1, ei) 
→ αi ∈ Γ (Ui,OX). The sections glue if and only if they differ by the
cocycle above i.e., using the definition of Pλ,n, if and only if
αi = αj + Pλ,n(1, uij )+ λpnαjPλ,n(1, uij ) = (1 + λuij )pnαj − Pλ,n(vij ,−uij )
= vpnij αj − Pλ,n(vij ,−uij ).
Eventually, the composite η(λp
n
) ◦ γ : X → Gm is defined over Ui by the element 1 + λpnαi
which is thus invertible in Γ (Ui,OX).
4.6. From classifying data to Gλ,n-torsors
Let (L,E,Ψ, {(Ui, ei, αi)}i∈I ) be classifying data for Gλ,n over X. Let Y → X be the Gλ-
torsor associated to (L,E,Ψ ) as in 3.2. For every i the Gλ-torsor Yi := Y|Ui over Ui is defined
by Spec(OUi [ei, 1si+λei ]); see 3.5. We study the quotient Y → Y/Gλ,n. We claim that on Ui
such quotient Yi → Yi/Gλ,n is defined by the subalgebra OUi [e′i , 1
s
pn
i +λpne′i
] of OYi where e′i :=
Pλ,n(si , ei). Note that sp
n
i + λp
n
e′i = (si + λei)p
n is invertible in OYi , thus the definition makes
sense. If si = 1, the claim follows remarking that Yi ∼= GλUi via x 
→ 1 + λei by 3.6 and that the
map Yi → Yi/Gλ,n is just the isogeny ϕλ,n ×S Ui . The general case follows reducing to the case
si = 1 as in 3.6 and computing how ei and e′i change. Since sp
n
i +λp
n
αi is invertible by 4.1(II.c),
we can define a section γi : Ui → Yi/Gλ,n by e′ 
→ αi . By 4.1(II.b) the γi ’s glue to a sectioni
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vijΨ (ej )− λvij ej − λuij = vij sj − λuij . Thus, Pλ,n(si , ei) = Pλ,n(vij sj − λuij , vij ej + uij ) =
v
pn
ij Pλ,n(sj , ej )− Pλ,n(vij sj ,−uij ) = vp
n
ij αj − Pλ,n(vij sj ,−uij ) = αi .
By 4.3 we get the Gλ,n-torsor Y → X associated to the given classifying data pulling back via
Y → Y/Gλ,n the section γ .
4.7. Remark. We can be more explicit about the construction of a Gλ,n-torsor associated to a
given classifying data. With the notation of 4.6, we have that the Gλ,n-torsor Y |Ui is the closed
subscheme Yi ⊂ Yi given by
Spec
(OUi [ei]/(Pλ,n(si , ei)− αi))
with the (co)-action
mi : Yi ×Ui Gλ,n → Yi, ei 
→ ei ⊗ 1 +Ψ (ei)⊗ x.
5. Complements and applications
5.1. Kummer theory
Suppose that λ is a unit, then Gλ  Gm and Gλ,n  μpn . Let X be a scheme over R and
Y → X be a Gm-torsor and (L,E,Ψ ) be the associated classifying data. Then, Ψ defines a
splitting of the extension E and thus Y is determined by L as in the classical theory.
By classical Kummer theory, to give a μpn -torsor Y → X is equivalent to give a line bundle L
with an isomorphism ϕ : Lpn →OX; this is the same as giving a covering U = {Ui}i∈I of X by
open subschemes, a cocycle (vij )ij ∈ Z1(U,O∗X) and elements γi ∈ Γ (Ui,O∗X) such that γi =
v
pn
ij γj . The torsor Y is defined by Y |Ui = Spec(OUi [zi]/(zp
n
i −γi)) with the gluing zi = vij zj . If
(L, {Ui, ei, αi}i∈I ) are the classifying data associated to Y (using the isomorphism μpn  Gλ,n)
we have zi = 1 + λei and γi = 1 + λpnαi (cf. condition (II.c) of 4.1).
5.2. Artin–Schreier theory and generalizations
Suppose that R is a local ring of characteristic p and λ = 0. In this case Gλ = Ga and, by
[Mi, Proposition III.3.7], for every R-scheme X we have an isomorphism γ : H1fppf(X,Ga) →
H1Zar(X,OX). If Y → X is a Ga-torsor let (L,E,Ψ ) be the associated classifying data. Then,
from 3.11 it follows that L OX , the extension E is γ ([Y ]) ∈ H1Zar(X,OX) and Ψ is the projec-
tion onto OX followed by the inclusion OX ↪→ E.
Let Λ : Ga → Ga be an isogeny over R of degree pn defined by x 
→ PΛ(x) := xpn +∑n
i=0 aixp
i
. Let GΛ be the kernel of Λ. Then, a simple generalization of the arguments
above implies that the category of GΛ-torsors Y → X is equivalent to the category of pairs
(E, {Ui, ei, αi}i∈I ) where
(I) E is an extension of OX by itself;
(II) U = {Ui}i∈I is a covering of X by open subschemes such that:
(II.a) for every i ∈ I we have αi ∈ Γ (Ui,OX) and ei ∈ Γ (Ui,E) such that E|Ui =OUi ⊕
OUi ei ;
(II.b) for every i, j ∈ I , writing ei = ej + uij we have αi = αj + PΛ(uij ).
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theory.
5.3. Torsors under Oort–Tate group schemes
The notation is as in 2.3. Let G(a,c) be a group scheme à la Oort–Tate. Assume that cwp−1
admits a (p − 1)th root β . We have seen in 2.4 that we have an isomorphism G(a,c) → Gλ,1 with
λ = β1−p . In particular, we get a description of G(a,c)-torsors using classifying data.
5.4. Mazur–Roberts
Let R be a local ring. Let ηλ : Gλ → Gm = Spec(R[z, 1z ]) be the map defined by z 
→ 1 + λx
of 3.11. It induces a homomorphism ηλ1 : Gλ,1 → μp and, hence, a map
ηλ,1 : H1(R,Gλ,1) → H1(R,μp)  U/Up,
where U is the group of units of R and the RHS isomorphism comes from Kummer theory. Due
to 4.7 and 4.1 every Gλ,1-torsor is of the form
Yα = Spec
(
R[e]/
(
(1 + λe)p − 1
λp
− α
))
for α ∈ R such that 1 + λpα is a unit. Then, ηλ,1(Yα) = 1 + λpα. Furthermore, Yα is the trivial
torsor if and only if there exists β ∈ R such that (1+λβ)p−1
λp
= α. If λ is not a zero divisor this is
equivalent to require that there exists β ∈ R such that (1 + λβ)p = 1 + λpα. We then get
5.5. Proposition.
(1) The image of ηλ,1 consists of the class of units of the form 1 + λpα with α ∈ R.
(2) If λ is not a zero divisor in R, the map ηλ,1 is injective.
If R is the ring of integers of a local field and thanks to 2.5, the above proposition is a refor-
mulation of [MR, Proposition 9.3]. Our approach is completely different from the one in [MR].
For Gλ,n connected, the above proposition in the case that R is the ring of integers of a local field
follows also from [Mo].
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